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Heuristic Method for 3D Airspace Partitioning:  
Genetic Algorithm and Agent-Based Approach 

Rafal Kicinger* and Arash Yousefi† 
Metron Aviation, Inc., Dulles, VA, 20166 

Dynamic Airspace Configuration (DAC) is proposed within the Next Generation Air 
Transportation System (NextGen) for dynamically aligning airspace resources based on the 
changes in user demand. Dynamic Sectorization is a major concept within DAC for 
realigning sector boundaries to provide airspace capacity where it is needed. There has been 
significant effort in developing algorithms for partitioning the airspace into sectors. 
However, most of the developed methods create two-dimensional sectors, and three- 
dimensional sectorization is still an outstanding research question. This paper introduces a 
heuristic model for partitioning airspace in three dimensions by combining an agent-based 
approach with a genetic algorithm. The model determines boundaries of airspace sectors 
aligned with major traffic flows, and at the same time provides balanced distribution of 
traffic load among sectors. The model explicitly incorporates geometric constraints to create 
right-prism sectors. This constraint is of major concern, because it enables controllers to 
comprehend the volume of airspace by only looking at the two-dimensional projection of 
their sectors on the radar screen. This paper also reports preliminary results of several 
computational studies aimed at estimating the potential applicability of the proposed 
approach. 

Nomenclature 
2D = two-dimensional 
3D = three-dimensional 
a i =  penalty coefficients for the fitness function F 
eW = workload variation coefficient defining the allowed workload variation from the mean 
m = mean sector workload 
A = candidate solution 
ci,j = commonality of cell i to an adjacent cell j 
CCs = cumulative commonality for sector/agent s 
CWs = cumulative workload collected by sector/agent s 
F(A) = fitness/quality of a candidate solution A 
IC = number of infeasible cells 
i, j = cell indices spanning from 1 to N 
IWs =  amount of imbalanced workload for sector/agent s 
N = total number of airspace cells 
Ni = set of neighboring cells of cell i  
s = sector/agent index spanning from 1 to S 
S = number of sectors/agents 
SCs = set of cells assigned to sector/agent s  
t = time step index spanning from 1 to T 
T = total number of time steps 
tr i,j = total number of transfers from cell i to an adjacent cell j during a given time interval 
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W = total workload in the analyzed region of airspace 
Wi = workload associated with cell i 

I.  Introduction 
YNAMIC Airspace Configuration (DAC) has been proposed within the Next Generation Air Transportation 
System (NextGen) for dynamically shifting the airspace resources to provide airspace capacity where it is most 

needed by users. Many concepts including Dynamic Sectorization are being evaluated as part of DAC overall 
research to enable future National Airspace System (NAS) to achieve dynamic airspace capacity management. A 
number of techniques have been researched to develop automated algorithms for optimally partitioning airspace into 
sectors.1-3,6,8-12,15 An extensive survey of DAC literature is reported in Yousefi et al.14 The majority of developed 
algorithms focused on two-dimensional (2D) partitioning of airspace where a given volume of airspace is partitioned 
into sectors with the same altitude range. However, by reducing the dimensionality of the problem from 3D to 2D, 
much of the benefit of airspace resectorization may be lost. In particular, this is the case for the terminal airspace 
where significant benefits can be achieved by optimizing sectors’ floors and ceilings. The 3D sectorization problem 
can be defined as partitioning a given volume of airspace into sectors with optimal (as apposed to fixed predefined) 
altitudes for their floor and ceiling.  

Research efforts are underway to extend the existing 2D techniques to 3D problems. Yousefi et al.13 reported an 
extension of 2D cell-based sectorization that included requirements for 3D partitioning. However, due to geometric 
constraints imposed on 3D sectorization (i.e., the right prisms), which are discussed in Section IIB, formal 
optimization methods for cell-based sectorization become extremely difficult to solve.13 Thus, heuristic methods 
may be beneficial in finding near-optimal solutions. 

Even though heuristic optimization methods do not necessarily yield optimal solutions, they frequently achieve 
better results for complex problems. Another advantage of heuristic optimization is the relaxed requirement for 
problem formulation. These methods can be applied to problems with continuous, discrete, and even categorical 
variables or any combination thereof. These properties make them well-suited to be utilized as stand-alone models 
or in conjunction with formal optimization methods for addressing the 3D sectorization problem 

This paper proposes a heuristic method which combines an agent-based model (ABM) with a genetic algorithm 
(GA). The model, described in Section III, determines boundaries of airspace sectors aligned with major traffic 
flows, and at the same time provides a balanced distribution of airspace workload among sectors. It can be used for 
3D as well as 2D sectorization problems. This paper, however, focuses only on presenting the method and initial 
results for a 3D partitioning problem.  

II.  Cell-Based Airspace Representation 
In this section we describe a cell-based 

representation for the 3D airspace 
partitioning problem used in this study. It 
is based on the representation initially 
proposed by Yousefi11 in the context of 
2D sectorization problems and later 
extended to 3D in subsequent studies.13 
The cell-based representation ignores 
today’s sector boundaries, and tiles a 3D 
region of airspace with a grid of N cells of 
a fixed size and certain altitude range as 
shown in Figure 1. For instance, the first 
layer of cells may extend from the ground 
to FL100, the second layer from FL100 to 
FL200, etc. The area under study may 
include any airspace class, including an air 
traffic control center, a metroplex, or the 
terminal airspace of a single airport. 

 

D 

 
Figure 1: Tiling of a 3D region of airspace with uniform grid 
cells. 
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A. Formulation 
Each cell i has an associated traffic load (or cell workload) Wi. This value can be determined based on analysis of 

either historical or simulated track data during a given time interval, e.g., 24 hours. The sum all traffic load values 
for all cells determines the total traffic load W for the airspace: 
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Given the desired number of sectors S in the region of airspace (which is one of the input parameters), we can 
calculate the mean traffic m as: 
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The cumulative traffic load assigned to sector s, CWs, is calculated as: 

 
s

CW
s

i

i SC

W
Î

= �  (3) 

where SC denotes the set of sector cells assigned to sector s. 
Note that we assume cumulative property for workload; workload of a sector is equal to summation of its cells’ 

workload values. We use radar hits within a cell as a surrogate for cell workload. Studies have shown that this is a 
reasonable assumption for sufficiently small cells.11 

As mentioned earlier, one of the goals of airspace partitioning is to obtain a uniform distribution of workload for 
all sectors. Thus, we define a candidate solution A as balanced if and only if the cumulative workload assigned to 
each sector s is contained between the lower and upper bound on allowed workload variation from the mean 
workload m, i.e., if: 

 (1 ) (1 )
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where eW denotes the coefficient defining the allowed workload variation from the mean. eW can vary from 0.0 to 
1.0 (typically 0.05 to 0.20). 
 Another objective of airspace sectorization is proper alignment with traffic flows. We quantify this alignment by 
calculating the cumulative commonality CCs for sector s as  
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where cells i and j are cells in sector s, j is adjacent to i, and 
,i j

c defines the commonality of cell i and adjacent cell j 

as follows: 

 , | , ,ii j j N j i i jtrc Î ¹ =  (6) 

where Ni denotes the set of neighboring cells of cell i, and tr i,j defines the total number of transfers from cell i to an 
adjacent cell j during a given time interval. The values for tr i,j are computed based on an analysis of historical or 
simulated data. 
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B. Special Requirements for 3D Partitioning (Right-Prism Constraints) 

Air traffic controllers view sectors from a top-down 
perspective on their radar screen, using a 2D projection of 
the sector. This means that, for the foreseeable future, each 
sector has the same footprint at every altitude layer, so that 
a controller can deal with the third dimension (altitude) 
simply by knowing the upper and lower altitude of the 
sector.  

This requirement can be expressed in geometrical terms 
as a constraint on a sector’s shape. Namely, each sector 
should be a right prism. A prism is a 3D polygon formed by 
parallel top and bottom made up of the same polygon, but 
shifted vertically in the third dimension (altitude, in our 
case). This means that each side is a parallelogram. A right 
prism is a prism such that the sides meet the top and 
bottom at right angles. Therefore, each side is a rectangle 
as shown in Figure 2. 

In the cell-based representation of the airspace 
partitioning, the right prism requirement can be represented 
as a constraint on the shape of each sector. This constraint 
can be formulated locally for each cell i in the following 
way: If one of its horizontal neighbors together with one of 
its vertical neighbors are assigned to sector s, then the cell i 
must also be assigned to sector s.  

Figure 3 demonstrates this logic. If cells j1 and j2 are 
assigned to sector s, then cell i also needs to be assigned to 
the same sector. Similarly, if cells j2 and j3 are assigned to 
sector s, cell i is also required to be assigned to the same sector. Each group of 3 cells having this geometry, cell i 
and two of its neighboring cells, one horizontal and one vertical, is considered as a single unit and a constraint is 
generated for each. For each non-boundary cell, there are eight such 3-cell configurations: four lateral directions 
when the upper neighbor is considered and 
four more lateral directions when the lower 
neighbor is considered. This yields eight 
right-prism constraints for non-boundary 
cells and a fewer number of such 
constraints for boundary cells (depending 
on the number of their neighbors). 

III.  Heuristic Method for 3D Airspace 
Partitioning 

In this section, we outline the heuristic 
method for solving the optimization 
problem which combines an agent-based 
approach with a genetic algorithm. We first 
provide a high-level overview of the 
method and subsequently discuss its 
individual components in more detail. 

C. Method Overview 
The heuristic method, called GAAB 

(genetic algorithm/agent-based model), 
was developed by the authors to solve the 
3D airspace partitioning problem. It has 

 
Figure 3: Cell i and its six neighboring cells. 

 

Figure 4: Architecture of the GAAB model for 3D DAC 

Prism Right Prism  

Figure 2: A prism (left) is formed by translating 
a polygon vertically to form an identical top and 
bottom. A right prism (right) is a special case in 
which the top and bottom are located directly 
on top of each other. 



 
American Institute of Aeronautics and Astronautics 

 

 
 

5 

two major components:  
1. A GA for determining initial locations of agents (or, using Yousefi’s terminology,11 locations of open 

seeds) in the 3D cell-based representation of airspace. 
2. An ABM for determining cell clustering. 

Figure 4 schematically shows the architecture of the GAAB model. This model takes the same inputs as 
Yousefi’s MIP model. 11 These inputs are transformed into a cell-based airspace representation discussed in Section 
II. 

First, the GA initializes the population of candidate solutions for the 3D airspace partitioning problem. Each 
solution in the population is 
represented by a genome that 
encodes initial locations of 
agents/open seeds. The 
genome’s length is equal to 
the desired number of sectors 
in the resulting airspace 
configuration (an input 
parameter for the model as 
shown in Figure 4). 
Individual gene values, on 
the other hand, determine 
which seeds are chosen as 
open from a set of possible 
seed locations (another input 
parameter). 

After generating a set of 
candidate solutions, the GA 
evaluates each candidate’s 
fitness by initializing an 
instance of ABM. The ABM, 
in turn, determines a 
clustering of 3D cells. 
Hence, for each candidate 
solution (genome), an ABM 
is initialized with the starting 
locations of agents specified 
by gene values. Each such 
agent represents a sector that 
is initially composed of a 
single cell (i.e., an open 
seed). 

Once the ABM is 
initialized, agents are free to 
move in the initially 
unassigned configuration of 
3D cells and gradually 
add/assign cells to the sector. 
In this way, sectors grow 
until all the cells are 
assigned to sectors. Figure 5 
shows this process of growth 
as a function of the number 
of iterations of the ABM. 
Agents located at their 
corresponding open seed 
cells at the initial iteration 

 

Figure 5: Growth of all sectors caused by the actions of agents throughout the 
iteration of the ABM. 
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(top left part of Figure 5) use their 
behavioral rules (described in more 
detail below) to identify neighboring 
cells which should be added to their 
collection of sector cells. This 
process is repeated for a predefined 
number of iterations, which is one of 
the parameters of the ABM. 

The process of sector growth is 
supported by two rules associated 
with each agent: the Movement Rule 
and the Layer Growth Rule. The 
former identifies individual cells in 
the immediate vicinity of the agent’s 
external boundary which have not 
yet been assigned to any sector, and 
chooses a locally optimal* cell to be 
added to this sector. The Layer 
Growth Rule identifies vertical and 
horizontal layers of cells located at 
the sector external boundary and 
adds an optimal layer to the sector. 
The Movement Rule and the Layer 
Growth Rule are active until all cells 
have been assigned to sectors.  

In order to achieve balanced 
growth of all sectors with respect to 
workload distribution, only a fraction 
of agents (i.e., agents which currently 
have accumulated the least amount 
of workload) can execute the 
Movement Rule/Layer Growth Rule 
at each iteration. Furthermore, the 
rules are turned off for agents that 
have already accumulated the 
amount of workload exceeding the 
upper bound on allowed workload 
variation (Eq. 4). Hence, as Figure 5 
shows, only a fractions of sectors 
increases in size at each iteration.  

Thus, defined growth rules 
produce larger sectors in parts of 
airspace with small amounts of 
workload and smaller sectors in parts 
of the airspace with significant 
workload. This property is illustrated 
in Figure 6 which shows the same 
iteration process as in Figure 5 but this time the growth of each sector is depicted individually in a separate chart. 

If an agent/sector has accumulated too much workload, the Trading Rule is activated. It first determines the 
amount of excess workload for the agent and then “trades” one or more external boundary cells associated with this 

                                                           
 
* In this study, the locally optimal cell or groups of cells is selected based on the biggest increase in a sector’s 
cumulative commonality when the cell (or group of cells) is added to the sector. 

 

Figure 6: Growth of individual sectors during the iteration of the ABM. 
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sector to neighboring agents. The cells which are traded as determined based on the smallest decrease of cumulative 
commonality for the trading agent when the cells are reassigned to other agents. 

During simulation, a cell may become infeasible; for the purposes of our study, an infeasible cell is one that 
violates the right-prism constraint. To repair an infeasible cell, the Repair Rule attempts to reassign the cell or its 
neighbors to neighboring agents.  

After completing the cell assignment process, the quality of the cell clustering is evaluated and returned as the 
fitness value of the candidate solution A produced by the GA. Similar to the MIP formulation,11 we define the fitness 
function for assessing the quality of each candidate solution A in the following way: 
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where s is a sector/agent index, sCC is the cumulative commonality of sector s defined in Eq. (5), IC is the number 

of infeasible cells violating the right-prism constraint occurring in the candidate solution A, sWI  is the amount of 

imbalanced workload for each sector/agent, and 1a and 2a are penalty coefficients applied to infeasible cells and 

workload imbalance, respectively. sWI  is calculated as follows: 

 

0            if  (1 ) (1 )

(1 )      if (1 )

(1 )      if (1 )

W s W

s W s Ws

s W s W

CW

CW CWWI

CW CW

e m e m

e m e m

e m e m

- £ £ +

- + > +=

- - < -

�
�
�
��

 (7) 

 

where 
s

CW  is cumulative workload collected by agent s defined by Eq. (3), m is the mean sector workload defined 

by Eq. (2), and eW is the workload variation coefficient defined by Eq. (4). 
The evaluation process described above is repeated for all candidate solutions in the current population of the 

GA. Once all solutions are evaluated, the algorithm uses its selection mechanism and crossover and mutation 
operators to produce the next generation of candidate solutions. This new generation of candidate solutions needs to 
be evaluated as discussed above. The entire process is repeated until a predetermined termination condition (e.g., the 
maximum number of generations) is satisfied. At this point, the best solution found is returned by the GAAB model. 
This solution specifies the assignment of each cell to its corresponding sector as well as each sector’s cumulative 
workload and commonality values. 

The next subsection provides a more detailed description of the ABM. 

D. Agent-Based Model 
The ABM for 3D airspace partitioning is an example of a distributed model for determing sector cell clusterings. 

In this model, software agents operate in the cell-based representation of airspace described in Section II. By the 
actions of the agents, a candidate solution for the cell clustering problem is gradually and concurrently constructed 
starting from agents’ initial locations (open seeds) up to the point when all cells are assigned to one of the sectors 
(Figure 5). 

There are two major entities in the ABM: 
1. Agents – traverse this 3D cell-based representation and in doing so gradually expand sector boundaries. 
2. Cells – define a unit volume of airspace with associated workload values and commonality values for pairs 

of adjacent cells. 
 
Both entities are described in greater detail below. 
1. Agents 
 The actions of agents are guided by three behavioral rules: the Movement Rule, the Layer Growth Rule, and the 
Trading Rule.  
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Movement Rule 
The Movement Rule is executed by each agent s only if its cumulative workload CWs(t) does not exceed the 

upper bound on workload variation, i.e., when 
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Note that Eq. (8) explicitly incorporates time step t because the cumulative workload of each agent changes with 
time at each iteration of the ABM when new cells are added to the sector. 

The execution of the Movement Rule involves the following steps: 

1. Find all neighboring and not-yet-assigned cells for sector s. 
By considering at each step all of an agent’s neighboring cells, as opposed to only local neighbors at the 
current agent’s location, the rule achieves a more uniform sector growth. 

2. From the list of neighboring cells, find the one that satisfies the right-prism constraint and maximizes the 
increase of agent’s cumulative commonality CCs(t) when added to the sector. 
When the right-prism requirement is not required we remove the constraint in step 2. If in step 2 no 
neighboring cell within the sector satisfies the right-prism constraint, the agent selects the neighboring cell 
that most increases the sector’s cumulative commonality CCs(t). The repair role described below will 
attempt to restore feasibility. 

3. Once this optimal cell is found, it is marked as assigned and is added to this agent’s collection of cells 
SCs(t).  

4. The workload associated with this cell is added to this agent’s cumulative workload level CWs(t). 
As mentioned earlier, an additional mechanism is employed by the Movement Rule to ensure balanced growth of 

sectors. At each iteration t, only a fraction of agents with the lowest amount of collected workload is allowed to 
execute the Movement Rule and assign new sector cells. This is defined by the moving-ratio parameter which can 
take values 0.0–1.0. Values between 0.10 and 0.30 produced good results in our initial parameter sensitivity studies. 

The Movement Rule remains active until the last cell has been assigned. After this point, the agents only use the 
Trading Rule to modify configurations of sector cells. 

Layer Growth Rule 
Similar to the Movement Rule, the Layer Growth Rule is executed only if the cumulative workload of an agent 

does not exceed the upper bound on the workload variation, i.e. when Eq. (8) is satisfied. 
The execution of the Layer Growth Rule involves the following steps: 

1. Find all neighboring and not-yet-assigned cells for sector s. 

2. From the list of neighboring cells, find all vertical blocks of cells as well as horizontal layers of cells 
located above and below the current sector. 
A vertical block of cells is defined as a group of cells with the same latitude and longitude coordinates 
located at different altitude levels. A valid vertical block of cells sought in this step is a vertical block of 
cell spanning all altitude layers of the current sector configuration. In a similar way, a horizontal layer of 
cells is defined as a group of cells located directly above the top layer of cells or below the bottom layer of 
cells in the current sector configuration. A valid horizontal layer of cells is a layer which includes all cells 
above or below the corresponding layer of the current sector configuration. 

3. Once the set of all valid vertical blocks and horizontal layers of cells is found, a locally optimal group of 
cells (a block or layer) is selected from the set. 
Similar to the Movement Rule, local optimality criteria used in the selection process include an increase of 
the cumulative commonality when the group of cells is added to the sector. An additional constraint is used 
in the case of the Layer Growth Rule, which discards groups of cells which, when added to the sector, 
increase its cumulative workload beyond the upper bound of the allowed workload variation. 

4. Once this optimal groups of cells is found, it is marked as assigned and is added to this agent’s collection 
of cells SCs(t).  

5. The workload associated with this cell is added to this agent’s cumulative workload level CWs(t). 
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As was the the case with the Movement Rule, an additional mechanism is employed to ensure balanced growth 
of sectors. At each iteration t, only a fraction of agents with the lowest amount of collected workload is allowed to 
execute the Layer Growth Rule and assign new sector cells. 

The Layer Growth Rule remains active until there are no more unassigned cells. 

Trading Rule 
Contrary to the Movement and Layer Growth Rules, the Trading Rule is called only when the agent’s cumulative 

workload exceeds the upper bound on workload variation, i.e., 

 
s

CW ( ) (1 )Wt e m> +  (9) 

This situation may happen as a result of applying the Repair Rule discussed below.  
The execution of the Trading Rule involves the following steps: 

1. Identify all cells that define the current sector’s external boundary. 

2. Remove from the list of external boundary cells—those cells which, when traded to another agent, break 
contiguity of the sector. 

3. Remove from the list of cells obtained in step 2 those which, when traded, violate the right-prism 
constraint. 
When the right-prism requirement is not required we remove the constraint in Step 3. 

4. Define excess sector workload 
s

CW ( )tD as the difference between the current agent’s workload and the 

mean workload level.  

 
s s

CW CW( ) ( ) (1 )Wt t e mD = - +  (10) 

5. Set the workload traded so far
s

W ( ) 0T tD = . 

6. For each cell i from the list of cells identified in Step 3: 

a. If the workload traded so far exceeds the excess work load, i.e.
s s

W CW( ) ( )T t tD D> , then END. 

b. Find neighboring cells Ni for cell i. 

c. From the set of neighboring cells Ni, find an optimal trading partner (agent) k for cell i. 
An optimal trading partner is defined as the one which obtains the largest increase in commonality 
when assigned cell i. 

d. Trade cell i to agent k. 

e. Increment the workload traded so far by the amount of workload associated with the traded cell i. 
The growth rules (i.e., the Movement Rule and the Layer Growth Rule) and the Trading Rule work in opposite 

directions in terms of the sector growth process. The former act as expansion mechanisms encouraging sector 
growth, whereas the Trading Rule shrinks a sector’s boundaries when the sector has grown too much and the 
workload exceeds balance constraints. The interaction of these rules aims at achieving a balanced solution. 
2. Cells 

The action of agents attempting to define optimal cell clustering may violate the right-prism constraint. This is 
particularly true for the Movement Rule, which assigns individual cells to sectors. On the other hand, the Layer 
Growth Rule was specifically designed to support sector growth processes satisfying this constraint. 

In order to enforce the right-prism constraints for infeasible cells, a repair mechanism has been added to the 
ABM in the form of the Repair Rule. This rule, however, is not associated with agents but rather with cells. 
Consequently, cells can also be considered as special types of agents (i.e., static agents as cells do not move) 
because they have their own behavioral rule (the Repair Rule) and their own objective (i.e., satisfy the right-prism 
constraint). It is also important to stress that the right-prism constraint and the Repair Rule can be easily deactivated. 
In this case, only the Movement, Layer Growth, and Trading rules are used to determine a 3D cell clustering. 
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Repair Rule 
The Repair Rule is only executed for cells which violate the right-prism constraint. The execution of this rule 
involves the following steps: 

For each constraint configuration plane k defined by cell i and its horizontal neighbor jh and vertical neighbor 
jv: 

A. If configuration plane k is infeasible 

1. Determine an agent k which contains jh and jv among its sector cells SCk(t) 

2. Determine an agent s which contains cell i among its sector cells SCs(t) 

3. Check if the sector s will remain contiguous if the cell i is reassigned to agent k 

4. Check if sector k will remain contiguous after reassigning either cell jh or cell jv to agent s 

5. If true for both Step 3 and Step 4: 

i. Check which agent has least workload, and reassign cell from an agent with higher 
cumulative workload to an agent with lower cumulative workload 

6. Else If Step 3 is true then reassign cell i to agent k 

7. Else If Step 4 is true then reassign either jh or jv cell to agent s 

8. After reassignment, verify cell i satisfies the right-prism constraint 

i. If true then END 

ii.  Else continue the next configuration plane k+1 
In this way, the action of the Repair Rule associated with airspace cells attempts to restore the feasibility of 

solutions produced by the ABM with respect to the right-prism constraint. The complex interaction of agents’ 
Trading Rule and cells’ Repair Rule results in gradual development of feasible or near-feasible solutions for the 3D 
airspace partitioning problem with respect to both the right-prism and the workload balance constraints. On the other 
hand, the agents’ Movement and the Layer Growth Rules provide mechanisms of adding locally optimal cells to the 
current cell clustering. 

The current status of the implementation of the agent-based model is discussed in the following section. 

E. Model Implementation 
The initial version of the GAAB model was implemented in a prototype tool written in Java. This prototype was 

built by utilizing and by extending several open-source toolkits, including: 
·  ECJ toolkit4 furnishing various types of GA implementations,  
·  MASON toolkit5 providing a generic framework for agent-based modeling, and 
·  JUNG toolkit7 supporting network representations and providing basic implementations of network-based 

algorithms. 
The prototype extends the functionality of these toolkits by providing domain knowledge, data structures, and 

algorithms supporting 3D DAC studies. The tool has been used to conduct initial feasibility studies whose results are 
reported in the following section. 

IV.  Experimental Results 
A limited number of preliminary computational experiments were conducted with the developed prototype to 

determine proof-of-concept for our heuristic model for 3D airspace partitioning. Specifically, in our initial 
simulations we focused exclusively on the ABM component of the GAAB model, as it determines actual 3D shapes 
of airspace sectors and handles the right-prism constraints.  
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Instead of using genome values 
to determine initial locations of 
agents in the ABM, we utilized 
either open seed locations (single 
cells) or partial sector 
configurations in the form of righ-
prism shapes which were 
determined in earlier simulations 
with the MIP approach.13 These 
MIP solutions were computed for 
the same problem formulation and 
cell representation except for the 
right-prism constraints. The right-
prism constraints were omitted for 
MIP runs because solving 3D 
sectorization problems with these 
constraints is very intensive 
computationally and sometimes fails 
to yield any solution at all. An 
example of a MIP solution without 
the right-prism constraints used as 
starting point for ABM simulations 
is presented in Figure 7.  

The computational studies were 
divided into two groups: 

1. 3D partitioning with ABM started from MIP open seed locations. 
2. 3D partitioning ABM started from the MIP maximum right-prism shapes. 

In the first group of experiments, initial sector configurations included only a single cell (an open seed from the 
MIP solution) as shown in the top left part of Figure 5. On the other hand, initial sector configurations for the second 
group of experiments included multiple cells. These cells determined the shapes of maximum right-prism contained 
within the MIP solution presented in Figure 7. These maximum right-prisms were defined by a simple pruning 
algorithm which analyzed the configuration of all cells in a MIP solution and returned the shapes of the right-prisms 
contained within this solution which included the largest number of cells. The shapes of the maximum right-prisms 
contained within the MIP solution shown in Figure 7 are illustrated in Figure 8. 

In both groups of experiments, the same input data and parameter values were used as shown in Table 1. They 
specified a sample airspace configuration using historical traffic data divided into airspace cells of size 0.2 degree 
and 20 altitude layers ranging from 0 ft to 100,000 ft. The airspace configuration contained 1,000 uniform cells. It 
was assumed the configuration 
should be divided into eight 
sectors. 

In both groups of experiments, 
the same ABM and simulation 
parameters were used. Eight agents 
(one agent per sector) traversed the 
cell-based representation and used 
behavioral rules (Movement, Layer 
Growth, and Trading) to assign 
cells to sectors. Depending on the 
type of initial configuration (open 
seeds vs. maximum right-prisms), 
either only 8 cells or 433 cells were 
already assigned to sectors at the 
beginning of the ABM run.  

 

Figure 7: Sample MIP solution used as a starting point for our ABM 
simulations. 

 

Figure 8: Shapes of maximum right-prisms contained within the MIP 
solution. 
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The workload variation 
coefficient eW was equal to 0.2, 
and the moving-ratio parameters 
for the Movement and Layer 
Growth Rules were set to 0.25 and 
0.13, respectively. The values of 
these parameters were determined 
based on the results of initial 
sensitivity studies. 

Cells in the ABM were 
assigned workload levels based on 
analysis of historical track data. 
These workload levels were 
provided as inputs to the ABM as 
shown in Figure 4. Each cell had 
an associated Repair Rule which 
was activated when the cells 
become infeasible by violating the 
right-prism constraint. 

The ABM simulation was 
iterated 250 times steps. Only the 
Layer Growth Rule was active 
initially, and Movement and 
Trading Rules were turned on only 
after further sector growth was 
impossible to achieve by the Layer 
Growth Rule. When all cells had been assigned to sectors, only the Trading and Repair Rules were active to balance 
sector workloads and repair infeasible cells. 

As the ABM is a stochastic algorithm, the simulations were repeated 10 times with different random seed values 
each time. All other parameter values were kept the same for each repetition. 

The results of these preliminary computational studies are presented below. 

A. 3D Partitioning with Open Seed Initial Configuration 
Typical results obtained in the 

experiments with an initial 
configuration of the ABM determined 
by location of open seeds in the MIP 
solution are presented in Figure 9-
Figure 12. In particular, Figure 9 
shows the increase in cumulative 
commonality for individual agents of 
the ABM as well as for the entire 3D 
sectorization (black dashed line). The 
cumulative commonality for the 3D 
sectorization is determined as a sum of 
cumulative commonalities for all 
agents/sectors in this sectorization. 
Figure 10 shows that when the ABM is 
started from open seeds (single cells), 
initial cumulative commonality for 
each agent is equal to 0. However, as 
new cells are assigned to sectors by the 
action of the Layer Growth and 
Movement Rules, the commonality 
increases throughout the simulation. 

Table 1: Parameters and their values used in initial computational 
experiments. 

Parameter Value(s) 
Airspace: 
Airspace region Sample airspace and its historical 

traffic data 
Number of cells 1,000 
Cell size 0.2 degree 
Number of altitude layers 20 
Number of sectors 8 
Agent-Based Model: 
Number of agents 8 
Initial configuration Open seeds or max. right-prisms 
Number of assigned cell in initial 
configuration 

8 (for open seeds), and 433 (for 
maximum right-prisms) 

Workload variation coefficient 0.2 
Agent rules Movement, Layer Growth, Trading 
Cell rules Repair 
Layer growth moving ratio 0.13 
Movement moving ratio 0.25 
Simulation: 
Number of iterations 250 
Number of repetitions 10 
 

 
Figure 9: Cumulative commonality of sectors as a function of ABM 
iteration time step. 

Entire sectorization 
Agent 1 
Agent 2 
Agent 3 
Agent 4 
Agent 5 
Agent 6 
Agent 7 
Agent 8 
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Figure 11 also shows different 
phases of the ABM simulation 
determined by our experimental setup. 
In the first phase (iterations 0–35) 
only the Layer Growth Rule is active, 
and the sectors grow in layers/vertical 
blocks. Once further progress of the 
Layer Growth Rule is impossible 
(iterations 36–95), the Movement and 
Trading Rules become active and new 
cells are added to each sector. 

The impact of the moving-ratio 
parameters defined for the Movement 
and Layer Growth Rules is presented 
in Figure 10, which shows that a 
sector’s growth is non-uniform. There 
are sectors which accumulate many 
times more cells than others, and the 
agents which have collected the least 
amount of workload have a priority in 
execution of the growth rules. For example, Agent 2 (green line) in Figure 10 accumulated almost 330 cells at the 
end of the ABM simulationwhereas Agent 3 (magenta line) has only about 15 cells. On the other hand, as Figure 12 
shows, both of them have very similar amounts of cumulative workload assigned at the end of the ABM simulation. 

Figure 11 presents the number of infeasible cells (i.e., cells which violate the right-prism constraint) as a 
function of the ABM iteration. Initially, when only the Layer Growth Rule is active, all cells are feasible. This is 
because this rule was specifically designed to facilitate sector growth processes satisfying the right-prism constraint. 
However, when the Movement and Trading Rules become active, infeasible cells appear in the simulation. Due to 
the action of the Repair Rule their number is relatively low up to iteration 200. At this stage of ABM, the focus of 
the Movement and Trading Rules switches to ensuring that all cells in the modeled airspace representation have 
been assigned to sectors even at the cost of generating infeasible cells. This results in an increase in the number of 
infeasible cells up to about 60 (about 6% of all cells).  

Figure 12 illustrates the distribution of workload among agents during the ABM simulation. It shows that agents 
accumulate workload quite uniformly during the simulation and this process is facilitated greatly by the moving-
ratio parameters. Agents’ growth and trading rules work together to first bring each agent’s workload to allowed 
workload variation range (marked with two thick dashed lines) and then to maintain this balance. As Figure 12 
shows, this goal is almost achieved at iteration 200. After that, the balance is slightly disrupted for several agents 
(Agent 8 in particular) , when the focus switches to assigning all remaining cells to sectors. 

 

Figure 10: Number of cells assigned to each agent/sector as a function 
of ABM iteration. 

 
Agent 1 
Agent 2 
Agent 3 
Agent 4 
Agent 5 
Agent 6 
Agent 7 
Agent 8 

 

Figure 11: Number of infeasible cells (cells violating 
the right-prism constraint) as a function of ABM 
iteration. 

Figure 12: Cumulative workload assigned to each agent 
as a function of ABM iteration. Dashed lines show 
allowed workload variation range.  
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Figure 13 shows 3D shapes of sectors developed using ABM started with open seeds locations. It shows that the 
shapes are much more regular than those produced by the MIP approach (Figure 7). However, there are still about 
60 cells which violate the right-prism constraint. The next section discusses how this can be improved by utilizing 
more information from the MIP solution, i.e., starting the ABM with maximum right-prisms rather than open seeds. 

B. 3D Partitioning with the Maximum Right-Prisms Initi al Configuration 
In the second group of experiments, the ABM was initialized with the maximum right-prisms shown in Figure 8. 

In this case, initial configurations of sectors consist of multiple cells as shown in Figure 14, and the ABM assigns 
new cells to sectors during the simulation.  

One of the benefits obtained by using maximum right-prisms instead of open seeds is illustrated in Figure 15. It 
shows the number of infeasible cells as a function of ABM iteration. Similar to Figure 11, when only the Layer 
Growth Rule is active, the number of infeasible cells is equal to zero. Even though the Movement and Trading Rules 
introduce infeasiblity into the 3D sectorization, the number of infeasible cells at the end of ABM simulation is 
significantly reduced. Here, Figure 15 shows that only 18 (about 2%) infeasible cells exist at the end of ABM 
simulation, compared to about 60 for an ABM simulation intialized with open seeds.  

The obtained differences in the number of infeasible cells are also statisitically significant. The mean number of 
infeasible cells at the end of ABM simulations (10 repetitions) obtained with open seed initialization was equal to 
57.6, while the corresponding mean for the maximum right-prism initialization was equal to 22.1. 

Figure 13: Shapes of sectors developed using 
ABM initialized with open seeds. 

 

Figure 14: Number of cells assigned to each agent/sector 
for an ABM run started with maximum right-prisms. 

 

Figure 15: Number of infeasible cells (cells violating the 
right-prism constraint) for initial configurations started 
with maximum right -prisms. 

 

Figure 16: Shapes of sectors developed using ABM 
initialized with maximum right prisms.  
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Finally, Figure 16 shows the 3D shapes of obtained sectors for the ABM initialized with the maximum right-
prisms. Again, the shapes are much more regular than shapes obtained with the MIP approach. They also have fewer 
infeasible cells compared to ABM solutions initialized with open seeds (Figure 13). 

V. Conclusions and Future Work 
Partitioning the airspace into optimal 3D sectors is still an outstanding research issue. Extensions of cell-based 

MIP sectorization methods to 3D problems involving the right-prism constraints become difficult to solve by 
existing methods. In this paper, we introduced a heuristic approach for solving this problem, and presented the 
results of preliminary simulation runs aimed at estimating the potential of the proposed approach for producing good 
solutions in a reasonable amount of time—even for medium- and large-size 3D problems. However, the prototype 
tool is still at an early stage of development, and hence requires careful testing and fine-tuning before its usefulness 
and performance can be fully determined. We also have taken initial steps to integrate the GAAB model with the 
mathematical programming approach. The strategy of such a hybrid approach is to use the GAAB model to quickly 
produce near-optimal solutions, and then feed the solutions to MIP solvers for identifying true optimality. Feeding a 
known feasible solution to the MIP solvers greatly reduces the runtime, and solvers are often able to take a set of 
feasible solutions and quickly identify the optimal one. Therefore, for the 3D sectorization to be most efficient, we 
envision a hybrid system that integrates formal mathematical programming with heuristic methods.  
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